Following recent Verlinde's heuristic construction or emergent gravity, Hossenfelder wrote down the Lagrangian capturing some aspects of this theory. We point out that there is an error in calculations whose consequence is that a cosmological de Sitter space solution is not recovered from this Lagrangian. We correct this error in order to obtain the desired solution. We also show that small perturbations around de Sitter space grow, which implies that this state is not stable. However, the presence of matter and radiation might in principle provide stability.
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PACS numbers:
The idea of emergent gravity, put forward by Verlinde in [1] (see also [2] ), is an interesting attempt to reformulate gravity as a force of entopic origin. The main problem with this proposal is that represents just a collection of ideas without an explicit realisation. Then, in [3] a covariant version of Verlinde's gravity was formulated. For our convenience, we follow the reference [3] in writing down the Lagrangian which is supposed to describe a covariant version of Verlinde's emergent gravity. We first define the quantities that enter the Lagrangian.
The central object is a vector field u µ (also called the displacement field), with the associated elastic strain tensor
where ▽ is the covariant derivative in the given curved background.
We can also define a dimensionless scalar
where Λ = L −2 is the cosmological constant. Some useful shorthands are
The general kinetic term for the vector field is
In [3] , the choice α = 4/3, β = γ = −1/2 is taken which leads to
The total Lagrangian of the theory proposed in [3] is
where R is the curvature of the background space, L M is the Lagrangian of the normal matter, and L int is the interaction Lagrangian.
In the way this Lagrangian is written, it cannot give a correct de Sitter space solution. There is a calculational error in Eq. (22) of the original paper [3] . One can see this when the definition for the energy momentum tensor in Eq. (7) is applied to the Lagrangian in equation Eq. (6) in [3] . In the first parentheses on the rhs of Eq. (22), the first two terms have an extra factor of 2 which should not be there. Since this is a relative rather than overall sign error, the whole result in affected in a non-trivial way.
To get the correct de Sitter space solution, one needs to modify the L s part of the Lagrangian as
With
The energy momentum tensor of the full system is
We concentrate here on the cosmological solution which is the most important if we want to reproduce the universe that we live in. We adopt the FRW form of the metric
with an ansatz for the solution
The kinetic term becomes
and
We can now calculate explicitly the elements of the energy momentum tensor
The Einstein's equations can be written as
In the limit when t → ∞, our universe should be described as a pure de Sitter space, which fixes the geometric parameters
. We see from Eq. (21) that this condition can be satisfied if and only if N e 2ξ ≪ 1. If L ≈ L * then ξ must be negative in the radiation and matter dominated universe. This is an important condition which should not be omitted from discussion.
When dealing with new theories and Lagrangians, it is of utmost importance to check the stability of the desired solution. We showed that one can indeed correct the calculational error made by the author of [3] and modify the original Lagrangian to obtain de Sitter at late times, however, it is easy to show that this late time solution is unstable. To demonstrate this, we take small perturbation around the solution in Eq. (26)
where δv and δξ are small perturbations. The energy momentum tensor of normal matter at late time is (T M ) α β = 0. We substitute this into Einstein equations in Eq. (23), and keep only the first order terms. We get
We can eliminate the variable ξ from this system to obtain δv = 10 L * δv.
The solution is
This is obviously a growing mode of the perturbation. Thus, small perturbations around de Sitter space grow, which implies that this late time solution is not stable. Note that this still does not invalidate the whole construct. A complete stability analysis at any finite time must include the contribution from matter and radiation and pertubations around the spatial components of u. The presence of mater and radiation might re-introduce stability. The problem however is that dark energy already dominates the universe, while the contribution from matter and radiation rapidly diminishes. It is then not clear if the subdominant energy components can introduce stability.
